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Aggregation techniques.
We consider a nonlinear discrete model including two processes evolving
at different time scales: slow and fast. We assume that fast dynamics let
constant some global variables and reach some equilibria for the state
variables which depend on the global ones. In this case the asymptotic
dynamics of the model can be studied through a reduced, aggregated,
system for the global variables. [1].

We present a model of an age-structured population: juveniles (n1) and
adults (n2). When competing for resources adults can be aggressive or
passive. Behavior changes are assumed to be faster than demography.

Hawk-dove tactics.
Confrontations between aggressive (hawk, nH) and passive (dove, nD)
adults may entails costs (C) and gains (G). Adults are supposed to have
the ability of switching their behavior according to their previous ex-
periences. We represent behavior changes by means of the following
discrete version of replicator equations associated to the classical hawk-
dove game:

n1(t + 1) = n1(t),

nH(t + 1) =
−(G + C)n2

H(t)n2(t) + (2G + C)nH(t)n2
2(t)

−Cn2
H(t) + (G + C)n2

2(t)
,

nD(t + 1) =
Gn2

D(t)n2(t) + CnD(t)n2
2(t)

−Cn2
H(t) + (G + C)n2

2(t)
.

(1)

We denote the vector of state variables n = (n1, nH , nD) and the map F
associated to system (1). The juvenile density, n1, and the global adult
density, n2 = nH + nD, are kept constant through behaviour changes.

Leslie type demography.
The demographic process is defined by means of the following matrix

L(n1(t)) =

 0 FH FD
qS1(n1(t)) SH 0

(1− q)S1(n1(t)) 0 SH

 (2)

Where S1(n1(t)) is the juvenile survival rate which depends on juvenile
density, q is the fraction of juveniles becoming aggressive adults and Sj
and Fj (j = H,D) are the adults survival and fertility rates respectively.

The complete system.
Competitive encounters, and subsequent changes of behavior, are more
frequent that their reproductive counterparts. We represent it assuming
a ratio k between characteristic time scales associated to behavior and
demographic changes. which yield the complete system

n(t + 1) = L(n1(t)) · Fk(n(t)), t = 1, 2, 3, · · · (3)

The time unit of system (3) is the slow one and so we assume that fast
dynamics act k times along it by including the k-fold iterate of map F .
Proposition 1 (Fast equilibria) LetF be the map to the fast dynamics and
n = (n1, nH , nD) any non-negative vector. Then, there exist constants
n∗H and n∗D such that

lim
k→∞

Fk(n) =

 1 0 0
0 n∗H n∗H
0 n∗D n∗D

 n1
nH
nD

 = F̄(n)

F̄(n) =

 1 0
0 n∗H
0 n∗D

( 1 0 0
0 1 1

) n1
nH
nD

 = E · G · n (4)

where (n∗H , n
∗
D) = (1, 0) (pure hawk equilibrium) if G > C and

(n∗H , n
∗
D) = (G/C, 1 − G/C) (polymorphic hawk-dove equilibrium) if

G < C. The limit (4) is C1-uniform on compact sets in the positive cone.

The general results achieved in [1] allow us to study the general system
through the auxiliary system

n(t + 1) = L(n1(t)) · F̄(n(t)), t = 1, 2, 3, · · · (5)

Thanks to the limit (4) this approximation is equivalent to the assumption
that the ratio between the fast and the slow time scales is infinity.

The aggregated system.
Decomposition (4) is key in the aggregation procedure. We use the most
right hand side map in (4) to define the global variables(

n1
n2

)
=

(
1 0 0
0 1 1

) n1
nH
nD

 =

(
n1

nH + nD

)
(6)

thus, n2(t) stands for the total adult population. Moreover, applying the
G map to the auxiliary system yields the aggregated system:(

n1(t + 1)
n2(t + 1)

)
=

(
0 F̄2

S1(n1(t)) S̄2

)(
n1(t)
n2(t)

)
(7)

Juvenile survival rate S1(n1) depends on juvenile density according to

S1(n1) =
S1

1 + βn1

In addition, escalated contents cause injuries, which entails a decrease in
the yearly survival of adults, namely

Si = Se−αC̄i, i = H,D

where C̄i is the corresponding average cost of fighting. As doves do not
face hawks, doves have no costs. Hawks confront hawks, thus

C̄D = 0 C̄H =
C nH
2n2

where are the average fertility and survival taxes given by

S̄2 = n∗HSH + n∗DSD F̄2 = n∗HFH + n∗DFD

Main results.
Following [1], the aggregated system (7) provides with useful informa-
tion about the original system (3) if the time scales are different enough.
Proposition 2 System (7) has an equilibrium point at(

n∗1
n∗2

)
=

1

β

[
F̄S1

1− S̄
− 1

](
1
1
F̄

)

if, and only if, F̄S + S̄ > 1. In fact, it is is asymptotically stable if, and
only if,

S̄ +
(1− S̄)2

F̄S1
< 1.

Theorem 1 There exists a fixed point for the general system (5) given by

n∗ =

 1 0
0 n∗H
0 n∗D

( n∗1
n∗2

)
Moreover, then there exist r0 > 0, k0 ∈ N such that ∀k ≥ k0:

1. Equation (3) has an unique fixed point n∗k ∈ B̄r0(n
∗)

2. limk→∞n∗k = n∗.

If, in addition, (n∗1, n
∗
2) ∈ R2

+ is hyperbolic

3. If n∗ is asymptotically stable (unstable), so is n∗k.

4. Let n(0) = (n1(0), nH(0), nD(0)) ∈ R3
+, if the solution

(n1(t), n2(t)) of (7) with initial value (n1(0), nH(0) + nD(0)) is such
that limn→∞(n1(t), n2(t)) = (n∗1, n

∗
2) then the solution nk(t) of (3)

corresponding to n(0) verifies limt→∞nk(t) = n∗k.

In our model, G represents the quality of the environment, from favorable
(low G) to unfavorable (high G). C represents adult ability to provoke
weak (low C) or strong (high C) injuries during an escalated contest. The
figures show the graph of the function, n∗ = f (G;C), with respect to the
type of environment G and individual aggressiveness during a contest C,
for two different fecundity functions.

For some species the amount of resource has continuous effect on fecun-
dity, for instance, according to a Holling type fecundity function

Fi(Gi) =
FḠi
γ + Ḡi

i = H,D.

F = 1; S = 0.8; S1 = 0.75; α = 1.5; β = 3; γ = 0.6

Other species must accumulate certain quantity of resources (threshold
effect) before reproducing. Thus, according to [2],

Fi(Gi) =
Fi

1 + a/
√

1 + a2

 Ḡi − a√
1 +

(
Ḡi − a

)2
+

a√
1 + a2

 i = H,D.

F = 1; S = 0.8; S1 = 0.75; α = 1.5; β = 3; γ = 0.6

Where the corresponding Ḡi, for i = H,D are given by

G < C ⇒ ḠD =
G

2

(
1− G

C

)
ḠH = G

(
1− G

2C

)

G > C ⇒ ḠD = 0 ḠH =
G

2
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